Abstract. We propose a construction of a tensor exact category F m X of ArtinTate motivic sheaves with finite coefficients Z/m over an algebraic variety X (over a field K of characteristic prime to m) in terms ofétale sheaves of Z/m-modules over X. Among the objects of F holds for smooth varieties X over K if and only if the similar isomorphism holds for Artin-Tate motives over fields containing K. When K contains a primitive m-root of unity, the latter condition is equivalent to a certain Koszulity hypothesis, as shown in our previous paper [13] .
Introduction
The motivic cohomology of an algebraic variety X over a field K with coefficients in a ring k = Z, Z/m, Q, . . . can be defined [18, 19, 20] as
where DM(K, k) is the derived category of mixed motives over K with coefficients in k and M k h (X) ∈ DM(K, k) is the homological (covariant) motive of X over K, while DM(X, k) is the derived category of motives (motivic sheaves) over X with coefficients in k. The motivic cohomology localize in the Zariski topology, so one has
where k(j) are certain complexes of sheaves of k-modules on the big Zariski site of varieties over K (defined naturally up to a quasi-isomorphism). Furthermore, one has k(j) = k ⊗ L Z Z(j). Here H Z ar denotes the hypercohomology of complexes of sheaves in the Zariski topology and ⊗ L Z is the notation for the left derived functor of tensor product of sheaves over Z. Now assume that the variety X is smooth and the field K is perfect of characteristic not dividing a positive integer m. Then the motivic cohomology of X with coefficients in Z/m can be computed by the formula The isomorphism (3) goes back to A. Suslin's paper [15] ; its proof in the form stated above can be found in [10, 7.20 and 10.3] . The rules (1-2) were conjectured by A. Beilinson [1, 5.10 .D(v-vi)] and S. Lichtenbaum [9] . According to [16, 5] , the formula (1) follows from the Milnor-Bloch-Kato conjecture, the long work on the proof of which was recently finished by Voevodsky, Rost, et al. [21] . One can replace the Zariski topology with the Nisnevich topology in these results [10, 13.9 and 22.2] .
For singular varieties X, the formula (1) no longer holds, as one can see in the following simple example. Let X be the affine line (say, over the field K of complex numbers) with two different points glued together. Then one has M Z/m, since our first motivic cohomology class of X with coefficients in Z/m dies iń etale covers. So it must be the modifiedétale descent rule (2) for the Zariski topology that breaks down in this case.
For the above singular curve X, the formula (1) can still be saved by replacing the Zariski topology with the Nisnevich topology, as one has H 1 N is (X, Z/m) = Z/m. However, for more complicated singularities the Nisnevich topology is not enough either, and the cdh topology is needed [10, Theorem 14.20] . E. g., if Y is a normal surface with a point singularity such that the exceptional fiber of its resolution is a self-intersecting projective line, then one has H 2 M (Y, Z/m(0)) = Z/m, while τ 0 Rρ * Z/m = Z/m and H 2 N is (Y, Z/m) = 0 (ρ being the natural mapÉ t −→ N is between the bigétale and Nisnevich sites) [10, Exercise 12.32 ]. Now it is the formula (3) that breaks down.
The formula (1) suggests that it might be possible to construct the derived category of motivic sheaves DM(X, Z/m) on a variety X, or at least some parts of this category, in terms of theétale topology of X. The aim of this paper is to suggest such a construction for the triangulated category DMAT (X, Z/m) of Artin-Tate motivic sheaves over X. This is defined as the full triangulated tensor subcategory of DM(X, Z/m) generated by Tate motives Z/m(j) and the compactly supported relative cohomological motives of varieties Y quasi-finite over X. In fact, we construct a Z/m-linear exact category of filtered constructibleétale sheaves of Z/m-modules F m X over X, whose derived category D b (F m X ) is similar to DMAT (X, Z/m) "insofar as no complicated singularities get involved".
We also establish some functoriality properties of the exact categories ). Let us first discuss the case when X = Spec L is the spectrum of a field. In this case, the Tate twists of the motives of the spectra of finite separable extensions of L generate (using iterated extensions) an exact subcategory MAT (L, Z/m) ⊂ DMAT (L, Z/m) which was computed in [13] in terms of the absolute Galois group G L of the field L. The category MAT (L, Z/m) is equivalent to the exact category of finitely filtered discrete G L -modules over Z/m whose successive quotient modules are cyclotomically twisted (finitely generated) permutational modules.
The triangulated category DMAT (L, Z/m) is equivalent to the derived category D b MAT (L, Z/m) of the exact category MAT (L, Z/m) if and only if the natural maps from the Z/m-modules of Yoneda Ext between the objects of the exact category to the modules of higher Hom between the same objects in the triangulated category are isomorphisms. The latter property can be called the K(π, 1)-conjecture for ArtinTate motives over L with coefficients Z/m. In the case when L contains a primitive m-root of unity, this conjecture has been interpreted in [13] as a certain Koszulity hypothesis for the "big graded ring" of diagonal Hom in DMAT (L, Z/m). Another name for the K(π, 1)-conjecture is the silly filtration conjecture.
This paper purports to explain how to "globalize" the K(π, 1)-conjecture to smooth varieties, in the particular case of Artin-Tate motives with finite coefficients. (Note that we do not know how to globalize the more conventional K(π, 1)-conjecture for Tate motives.) We proceed in two steps. First of all, we construct natural maps from the Z/m-modules Ext Secondly, we assume the existence of reasonably well-behaved triangulated categories of motivic sheaves DM(X, Z/m) over algebraic varieties X over K and identify the exact category F m X with the full subcategory MAT (X, Z/m) ⊂ DM(X, Z/m) generated, using iterated extensions, by the Tate twists M m cc (Y /X)(j) of the compactly supported relative cohomological motives of varieties Y quasi-finite over X, with its induced exact category structure. Note that the construction of this fully faithful functor and equivalence of exact categories does not yet depend on the K(π, 1)-conjectures of any kind.
The Z/m-modules of higher Hom in DM(X, Z/m) between objects of MAT (X, Z/m) may differ from the modules Ext computed in F m X = MAT (X, Z/m), but, assuming the K(π, 1)-conjecture for Artin-Tate motives over fields, this only happens for singularities-related reasons. In particular, in the mentioned assumptions, the groups Ext in F m X coincide with groups of higher Hom in DMAT (X, Z/m) when X is a curve, as singularities of curves can be resolved by finite morphisms.
In other words, the triangulated subcategory DMAT (X, Z/m) ⊂ DM(X, Z/m) is equivalent to the derived category D b MAT (X, Z/m) when X is a curve. Let us emphasize that the latter assertion is certainly not true for surfaces (not even for smooth surfaces over algebraically closed fields, as the category MAT (X, Z/m) for such a surface X contains objects related to surfaces Y with bad enough singularities mapping finitely onto X). However, one has Ext
for any smooth variety Y finite over a variety X and any object M ∈ F m X . We also prove the basic properties of the relative homological motives
) of smooth varieties Y quasi-finite over a fixed smooth variety X using some of the conventional assumptions about the triangulated categories of motivic sheaves DM(X, Z/m). In particular, the group Hom
) and the motivic cohomology group Hom DM(Y,Z/m) (Z/m, Z/m(j)[i]) (assuming, as above, the K(π, 1)-conjecture for Artin-Tate motives over fields).
Exact Category of Artin-Tate Motivic Sheaves
All schemes in this paper are presumed to be separated. We fix an integer m 2, and a perfect field K of characteristic not dividing m. By an (algebraic) variety over K we mean a scheme of finite type over Spec K, which is not distinguished from its maximal reduced closed subscheme. For the purposes of notation and terminology related to the dimensions, all smooth varieties are presumed to be equidimensional.
Recall that for any Noetherian scheme X the categoryÉ t m,∞ X ofétale sheaves of Z/m-modules over X is a locally Noetherian Grothendieck abelian category. In other words,É t m,∞ X is equivalent to the category of ind-objects in the abelian categoryÉ t m X of constructibleétale sheaves of Z/m-modules over X. Here anétale sheaf is called constructible if it is generated by a finite set of its sections (over someétale schemes of finite type over X). This is equivalent to the existence of a finite stratification of X by locally closed subschemes, in restriction to which the sheaf is locally constant (lisse) with finitely generated stalks. Anétale sheaf of Z/m-modules is constructible if and only if it is a Noetherian object in the category ofétale sheaves [3, Arcata IV.3] .
For any algebraic variety X over K, consider the following exact category E m X . The objects of E m X are constructibleétale sheaves of Z/m-modules N over X such that for any scheme point x ∈ X with the residue field K x the stalk N x of N over x, considered as a discrete module over the absolute Galois group G Kx , is a (finitely generated) permutational module with coefficients in Z/m. In other words, the Z/m-module N x must admit a system of free generators that is preserved as a set (permuted) by the action of G Kx . As an additive category, E m X is a full subcategory inÉ t m X . The exact triples in E m X are the short exact sequences ofétale sheaves from E m X for which the related short sequences of stalks at x are split short exact sequences of G Kx -modules over Z/m for all the scheme points x ∈ X.
The category E m X is suggested as our candidate for the role of the exact category of Artin motivic sheaves over X. The larger exact category F m X of Artin-Tate motivic sheaves is constructed on the basis of E m X andÉ t m X in the following way.
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The objects of F m X are filteredétale sheaves of Z/m-modules (N, F ) over X with a finite decreasing filtration byétale subsheaves F j N, j ∈ Z, F j N = N for j ≪ 0 and 0 for j ≫ 0. The successive quotient sheaves gr j F N = F j N/F j+1 N must be isomorphic to the tensor products over Z/m ofétale sheaves from E m X with the cyclotomicétale sheaves µ ⊗j m . The latter are the inverse images to X of theétale sheaves over Spec K corresponding to the cyclotomic representations of the Galois group G K . So one must have gr In other words, it is required that the successive quotients form short exact sequences ofétale sheaves whose stalks over every scheme point x ∈ X are split exact triples of G Kx -modules.
The exact categories E X and F X have natural structures of associative, commutative, and unital tensor categories with exact functors of tensor product. These are given by the tensor products ofétale sheaves over Z/m and the tensor products of filtrations. The Tate motive Z/m(j) ∈ F Given an integer n dividing m, and any variety X over K, there is a natural tensor exact functor F m X −→ F n X , assigning to a filteredétale sheaf of Z/m-modules (M, F ) theétale sheaf of Z/n-modules M/n ≃ (m/n)M with the induced filtration.
Inverse Image and Direct Image with Compact Supports
Let f : Y −→ X be a morphism of algebraic varieties over K. Then the inverse image functor f
and is exact as a functor between these exact categories (and as a functor between the abelian categoriesÉ t 
Relative Motives
For any quasi-finite morphism f : Y −→ X of varieties over K, the cohomological relative motive of Y over X with compact supports, defined as
is contravariantly functorial with respect to finite morphisms of varieties Y quasifinite over X and covariantly functorial with respect toétale 1 morphisms of varieties Y quasi-finite over X. For any quasi-finite morphism Y −→ X and any closed subvariety Z ⊂ Y there is a natural short exact sequence For any quasi-finite morphism of smooth varieties f : Y −→ X, the homological relative motive of Y over X is the object
, where dim Y /X = dim Y − dim X is the relative dimension. For any quasi-finite morphism of smooth varieties Y −→ X and a smooth closed subvariety Z ⊂ Y there is a natural distinguished triangle
′′ −→ X are two quasi-finite morphisms of smooth varieties with transversal singularities, i. e., the variety Proof. Given an object N ∈ E m X , consider a stratification of X by smooth locally closed subvarieties such that the restriction of N to each stratum is a lisseétale sheaf. Then notice that whenever for a lisseétale sheaf M of Z/m-modules on a smooth connected variety U the corresponding module over the absolute Galois group of the generic point of U is a permutational module with coefficients in Z/m, theétale sheaf M is the direct image of Z/m from a finiteétale morphism into U. This is so because the maps ofétale fundamental groups induced by open embeddings of connected smooth varieties are surjective (since an open subvariety of a connected smooth covering variety is connected). Now it remains to use the exact sequences ofétale sheaves related to the extension by zero from open subvarieties. The second assertion follows from the first one in the obvious way. Proof. One deduces the first assertion from Lemma 3.1 by showing that anyétale morphism into a locally closed subvariety Z ⊂ X factors through anétale morphism into X, perhaps after Z is replaced by its dense open subvariety.
Passing to the local ring of a generic point of Z in X, it suffices to check that anyétale morphism to the closed point of a local scheme can be extended to ań etale morphism to the whole local scheme. This can be done by choosing a primitive element in a separable field extension of the residue field and lifting the coefficients of its irreducible equation to the local ring in an arbitrary way. Then it remains to use the exact triple (4) and the Noetherian induction.
To prove the second assertion, one can identify the absolute Galois group of the residue field of a scheme point of X with theétale fundamental group of the spectum of the Henselization of its local ring and present the latter as a filtered projective limit of varietiesétale over X. 
Nisnevich Topology: Distinguished Pairs and Points
The aim of this section and the next one is to prepare ground for the proof of the motivic cohomology comparison theorems in Section 6.
It is explained in Appendix that one can construct a complex of Z/m-modules C • E (M, N) with good functorial properties computing the modules Ext * E (M, N) for any two objects M and N in a Z/m-linear exact category E. In this section we establish some properties of the complexes computing Ext in the exact categories F m X with respect to the Nisnevich topology on the category of algebraic varieties X. Let X be a variety over K and let M and N be two objects in the exact category F m X . To any morphism of varieties f : Y −→ X we assign the complex of 
Proof. For anyétale morphism g : Z −→ Y of varieties mapping into X, the composition of the natural morphisms of complexes
is a quasi-isomorphism. Indeed, passing to the cohomology turns this composition into the adjunction isomorphism for Ext, related to the pair of adjoint exact functors g ! and g * between the exact categories F Hence the bicomplex we are interested in is row-wise quasi-isomorphic to the bicomplex
where h denotes the morphism U × Y Z −→ Y . Exactness of the total complex of the latter bicomplex follows from exactness of the short sequence 
Lemma 4.2. Let y be a scheme point of an algebraic variety Y mapping into X, and let h y : H y −→ Y be the related morphism into Y from the Henselian local scheme H y corresponding to this point. Then the natural map of complexes of Z/m-modules 
where
denotes the inverse image with respect to ι, is a quasiisomorphism of complexes of Z/m-modules.
Proof. The restriction of the functor ι * to the full exact subcategory of F m H consisting of the objects with locally constant successive quotients is an equivalence of exact categories, since theétale fundamental groups of H and η coincide. The embedding of exact categories F m η −→ F m H inverse to this restriction is left adjoint to the functor ι * . Essentially, this is so because finiteétale covers of H are cofinal among allétale covers and any morphism from a scheme finite andétale over η to a schemeétale over H forming a commutative diagram with ι factors through a scheme finite and etale over H. One can consider the site G of finiteétale morphisms into H (with the obvious topology). Then theétale site of H maps to the site G in the obvious way (the direction of the site map being opposite to that of the functor).
The category of constructible sheaves over G is equivalent to the category of locally constant constructibleétale sheaves over H. The inverse image functor for the above map of sites is the embedding of the locally constant constructibleétale sheaves into arbitrary constructibleétale sheaves over H, while the direct image is identified with the functor ι * . So the former is left adjoint to the latter. This adjunction of exact functors between the abelian categoriesÉ t 
Hypercohomology and Derived Direct Image
In this section we prove several technical lemmas. Given a presheaf P on the category of varietiesétale over a given variety X or on the category of all varieties over K, we denote by P N is the sheafification of P in the Nisnevich topology. For a complex of presheaves P
• , the similar notation P
• N is stands for the complex of Nisnevich sheaves obtained by sheafifying every term of the complex P
• . Given a complex of Nisnevich sheaves S
• with the cohomology sheaves bounded from below, H i N is (X, S
• ) denotes the Nisnevich hypercohomology of X with coefficients in S • .
Lemma 5.1. Let P • be a complex of presheaves of Z/m-modules on the category of varietiesétale over a fixed variety X over K with the cohomology presheaves H i P
• bounded from below. Then there is a natural map
Proof. Let P reSh denote the abelian category of presheaves of Z/m-modules on the category of varietiesétale over X, and let Sh N is be the category of Nisnevich sheaves of Z/m-modules on the same category/site. Then there is the functor N is :
constructed as follows. Given a bounded below complex of sheaves S
• , choose its bounded below injective resolution I • in Sh N is and consider it as a complex of presheaves; then J(S • ) = I
• . Now for any complex of presheaves P
• there is the adjunction morphism
• be a complex of presheaves of Z/m-modules on the category of varietiesétale over X with the cohomology presheaves H i P • bounded from below. Assume that for any distinguished pair U −→ Y and Z −→ Y of morphisms of varietiesétale over X the total complex of the bicomplex with three rows
is acyclic. Then the natural map
is an isomorphism. Proof. We use the notation from the proof of Lemma 5.1. It suffices to show that the morphism P
• −→ J(P • N is ) is a quasi-isomorphism of complexes of presheaves whenever the complex of presheaves P
• satisfies the condition of Lemma. The total complex of the bicomplex with three rows entering into this condition is the complex of morphisms from the complex of presheaves (
• , where (Z/m) Y is the presheaf of Z/m-modules freely generated by the presheaf of sets represented by Y . The presheaves (Z/m) Y are projective objects, so this total complex computes also the Hom in the derived category D + (P reSh). The sheafification functor sends the above three-term complex of presheaves to an acyclic complex of Nisnevich sheaves. Hence the complex J(P • N is ), being a complex of injective sheaves, also satisfies the same condition.
So does the cone Q • of the morphism of complexes of presheaves P • −→ J(P • N is ). Besides, the complex of presheaves Q
• is annihilated by the sheafification functor. From these two properties, we will deduce that Q
• is acyclic. Clearly, it suffices to assume that Q i = 0 for i < 0 and prove that the differential d : • . This contradiction proves that s = 0 and the complex Q
• is acyclic. Now let U be a Grothendieck universe set such that K ∈ U. Given a variety X over K, letÉ t m,U X denote the abelian category ofétale sheaves of Z/m-modules over X belonging to U; soÉ t m X ⊂É t m,U X ⊂É t m,∞ X . Let ρ :É t −→ Nis denote the natural map between the (big)étale and Nisnevich sites of algebraic varieties over K. Let P ∈ U be anétale sheaf of Z/m-modules on the site of all varieties over K. The restriction of P to the (small)étale site ofétale varieties over a given variety X defines an object ofÉ t m,U X , which we will denote also by P . Consider the presheaf of complexes of Z/m-modules C
on the category of varieties over K.
Lemma 5.3. The complex of Nisnevich sheaves (C • P ) N is on the site of algebraic varieties over K represents the derived direct image Rρ * (P ) of theétale sheaf P with respect to the map of sites ρ :É t −→ Nis.
Proof. Applying the canonical truncation, we can assume that the complex of presheaves C
• P is concentrated in nonnegative cohomological degrees. Furthermore, a section of anétale sheaf P over a variety X can be viewed as a morphism Z/m −→ P inÉ t m,U X , and to such a morphism one can naturally assign a cocycle of degree 0 in • , considered as a complex of Nisnevich sheaves, computes Rρ * (P ).
Comparison Theorem
The following two theorems constitute the first main result of this paper. The maps (6) for X = Spec L, where L is a field of characteristic not dividing m, were discussed in the paper [13] . In this case, the right hand side of (6) Assuming the Beilinson-Lichtenbaum conjecture for the field L, these maps can be also described as being induced by the embedding of the exact category F [13] . Specifically, it is [13, Conjecture 9.2] for the field denoted by K in [13] being our field L and the field denoted by M being its separable closure (see [13, Sections 9 .3 and 9.9] for some further details).
When the field L contains a primitive m-root of unity, this conjecture is equivalent to the Koszul property of the big graded ring of the diagonal Ext between the ArtinTate motives [13 
By Lemmas 4.2-4.3, the map of the cohomology of the stalks at the Henzelization of the local ring of a scheme point y ∈ Y induced by (7) is identified with the map θ m,i,j y . In particular, the stalks of the left hand side of (7) are concentrated in the cohomological degrees j, hence there is the induced morphism
in the derived category of Nisnevich sheaves over the site of algebraic varieties over K. Now consider the map of Nisnevich hypercohomology of X induced by the morphism (8) On the other hand, let us emphasize that it is of key importance to our Ext computation that the exact category structure on F m X or F ′ m X is defined by the condition of split exactness of the short sequences of Galois modules of stalks at scheme points. Indeed, this splitting condition is the reason why the canonical truncation appears in the right hand side of the formula (6), i. e., we obtain the modifiedétale descent rule of the Beilinson-Lichtenbaum type, rather than the conventionalétale descent, for the Ext spaces in our exact categories (or at least certainly for the exact categories F Corollary 6.4. Let X be an algebraic variety over K. Then (a) for any j ∈ Z, the map θ m,i,j X from (6) is an isomorphism for i = 0, 1, and a monomorphism for i = 2; (b) for any j 2, the map θ m,i,j X is an isomorphism for all i ∈ Z; (c) whenever X is normal and connected, the Z/m-module Ext
vanishes for all i = 0, and is freely generated by the identity endomorphism when i = 0.
Proof. First of all, it follows from the proof of Theorem 6.2 above that its assertion holds when j is fixed and i is restricted to an interval 0 i n with a fixed n 0. That is, given j ∈ Z and n 0, the maps θ 
Weak Version of Six Operations
Here we spell out the additional structures on and the properties of the triangulated categories of motivic sheaves DM(X, Z/m) over algebraic varieties X over K that we will need in order to construct our embeddings F m X −→ DM(X, Z/m). Of the six operations in the conventional formalism, we will use only three: the inverse image f * , the direct image with compact supports f ! , and the tensor product ⊗ = ⊗ Z/m .
So, suppose that we are given the following data. For any algebraic variety X over K, there is a Z/m-linear symmetric tensor triangulated category DM(X, Z/m) with the unit object Z/m and a fixed invertible object Z/m(1) ∈ DM(X, Z/m). (i) The assignment of the functors f * and f ! to morphisms of varieties f : Y −→ X takes identity morphisms to identity functors, and compositions to compositions. For anétale morphism f , the functor f ! is left adjoint to f * . For a proper morphism f , the functor f ! is right adjoint to f * . When the morphism f is a universal homeomorphism, the functors f ! and f * are equivalences of triangulated categories.
(ii) In a base change situation, i. e., given morphisms of varieties f : Y −→ X and g : Z −→ X, and W = Z × X Y being their Cartesian product with the natural morphisms f ′ : W −→ Z and g ′ : W −→ Y , the functor f ! commutes with g * . In other words, there is an isomorphism of functors g
The compatibility of these base change isomorphisms with the compositions of the morphisms f and g holds. When the morphism f isétale or proper, the base change isomorphism is provided by the morphism defined in terms of the adjunction and the compatibilities with the compositions, as stated in (i). (iii) For any variety X with an open subvariety υ : U −→ X and its closed complement ι : Z −→ X, and any object M ∈ DM(X, Z/m), there is a distinguished triangle
in the triangulated category DM(X, Z/m). Here the leftmost and the middle morphisms are the adjunction morphisms for the open embedding υ and the closed embedding ι. The rightmost morphism is functorial in M and compatible with the inverse image functors f * with respect to morphisms of varieties f : Y −→ X. (iv) For any morphism of varieties f : Y −→ X, object M ∈ DM(X, Z/m), and object N ∈ DM(Y, Z/m), there is an isomorphism f ! (f * M ⊗ N) ≃ M ⊗ f ! N in the category DM(X, Z/m). This projection formula isomorphism is functorial in M and N, and compatible with the compositions of the morphisms f . When the morphism f isétale or proper, the projection formula isomorphism is provided by the morphism defined in terms of the adjunction and the preservation of the tensor product by the functor f * . Furthermore, we will need to haveétale realization functors acting on our triangulated categories of motivic sheaves. These are presumed to be tensor triangulated functors Φ X : DM(X, Z/m) −→ D(É t m,∞ X ) taking values in the derived categories ofétale sheaves of Z/m-modules over the varieties X. For the sake of generality, we allow the derived categories to be unbounded and theétale sheaves to be nonconstructible. The following constraints and conditions are imposed. The above assumptions will suffice for the purposes of Sections 8-9, but in Sections 10-11 we will need a more precise version of the Beilinson-Lichtenbaum conjecture. Let H be the spectrum of the Henselization of the local ring of a scheme point of a smooth variety over K. Then varieties X over K endowed with scheme morphisms H −→ X form a filtered category. Here is our last assumption.
(xi) The filtered inductive limit lim
vanishes for all i > j and any Henselian scheme H as above. A notable attempt to construct the triangulated categories of motivic sheaves with the six operations formalism was undertaken by Cisinski and Déglise [2] . However, they do not seem to have proven all the properties that we need in the case of motives with finite coefficients yet.
Resolution of Singularities
Recall that an abstract blow-up of a variety X with a center Z ⊂ X is a proper birational morphism X −→ X that is an isomorphism over a dense open subvariety U to which Z = X\U is the closed complement [18, 10] . We will say that varieties of dimension d over K admit resolution of singularites if for any normal variety X of dimension d over K there exists a sequence of abstract blow-ups X n −→ · · · −→ X 1 −→ X with normal centers such that the map X n −→ X factors through a proper birational morphism onto X from a smooth variety.
Notice that all the conditions (i-xi) of Section 7 make sense for varieties of bounded dimension, except for the condition (ii), which presumes that the dimension can be increased. So we will say that the condition (ii) holds for varieties of dimension d if it holds whenever the varieties X and Z have dimensions d and the morphism f : Y −→ X is quasi-finite. Proof. Let p : X −→ X be an abstract blow-up of a variety X with a closed center ι : Z −→ X and its open complement υ : U −→ X. Let Z be the Cartesian product Z× X X; denote the related closed embedding byι : Z −→ X, and the open embedding byυ : U −→ X. Then we have the distinguished triangle
in DM(X, Z/m) and the distinguished trianglẽ
in DM( X, Z/m). Applying the functor p ! to the latter triangle, we obtain a distinguished triangle
in DM(X, Z/m). There is a natural morphism from the triangle (9) to the triangle (10) acting by identity on their common first vertex. Thus the octahedron axiom applies, and we obtain two distinguished triangles with a common first vertex 
Applying to the triangles (11) theétale realization functor Φ X , twisting the result with µ ⊗j m , and passing to theétale cohomology, we obtain the exact sequences
together with morphisms of exact sequences from (12) to (14) and from (13) to (15) .
We will argue by induction in dim X. The case of a smooth variety X is covered by the condition (ix) from Section 7 for part (a) and the condition (x) for part (b).
The assertion about the vanishing of Hom DM(X,Z/m) (Z/m, Z/m[i]) for i < 0 holds for any variety X. One proves this using a proper birational morphism X −→ X onto X from a smooth variety X and the exact sequences (12) (13) . The assertion about Hom DM(X,Z/m) (Z/m, Z/m) holds for any connected variety X. Once again, one proves this using an abstract blow-up of X with a smooth variety X, using the fact that there is at least one connected component of Z over every component of Z.
The assertion about the vanishing of Hom DM(X,Z/m) (Z/m, Z/m[1]) holds for any normal variety X.
To prove this, one first shows that the morphism
any abstract blow-up X −→ X with a normal center Z. This follows from the the exact sequences (12-13) and the fact that there is at most one connected component of Z over every connected component of Z (Zariski's main theorem [6, Proposition 4.3.5] ). Since a composition of such abstract blow-ups factors through a smooth variety, the desired vanishing assertion follows.
To prove the assertions of part (b), consider a proper birational morphism X −→ X onto X from a smooth variety X and apply the 5-lemma to the morphisms of exact sequences (12) → (14) and (13) → (15).
The above proof is the only argument in this paper where any kind of resolution of singularities is used. With the exception of Section 11, it is also the only argument 20 that uses the direct image functors f ! for morphisms f that are not necessarily quasifinite. To the extent that, for a particular definition of the triangulated categories DM(X, Z/m), the assertions of Lemma 8.1 could be established differently, neither the resolution of singularities, nor the functors f ! for any but quasi-finite morphisms f would be needed for our purposes.
Embedding Theorem
In this section we only use the conditions (i-viii) of Section 7, together with the results of Section 8. The next theorem is the second main result of this paper. Proof. Let MAT (X, Z/m) denote the minimal full subcategory of the triangulated category DM(X, Z/m) containing all the objects f ! Z/m(j), for quasi-finite morphisms f : Y −→ X and j ∈ Z, and closed under extensions. We will check that MAT (X, Z/m) is an exact subcategory of DM(X, Z/m), then refine the restriction of theétale realization functor Φ X to the full subcategory MAT (X, Z/m) so as to obtain a tensor exact functor Θ X is an equivalence of exact categories, so it can be inverted, providing the desired fully faithful embedding Θ X .
Let MA(X, Z/m) denote the minimal full subcategory of DM(X, Z/m) containing the objects f ! Z/m, with f being quasi-finite morphisms into X, and closed under extensions. Clearly, the full subcategory MA(X, Z/m) ⊂ DM(X, Z/m) is also generated, using iterated extensions, by the objects f ! Z/m with the morphisms f being finiteétale morphisms onto smooth locally closed subvarieties of X.
Arguing as in the proof of Lemma 3.2, one shows that the subcategory MA(X, Z/m) is generated by the objects f ! Z/m, with f being etale morphisms into X, using the operations of passage to a cone (when such a cone belongs to MA(X, Z/m)) and iterated extension. Let us restate the latter assertion in the following more precise form, which we will need later. Similarly, one shows in the same way as in the proof of Lemma 3.3 that the subcategory MA(X, Z/m) is generated by the objects g ! Z/m, with g being finite morphisms into X from normal varieties, using the operation of passage to a cocone (when such a cocone belongs to MA(X, Z/m)) and iterated extension. Proof. As explained above, it suffices to consider the case when M = f ! Z/m and N = g ! Z/m(j), the morphism f : Y −→ X beingétale and the morphism g : Z −→ X being finite. Using the adjunction properties of the inverse and direct images forétale and finite morphisms together with the base change, we conclude that
The latter group vanishes for j < 0 by the condition (viii) from Section 7 and for i < 0 by Lemma 8.1(a-b).
It follows from Lemma 9.3(b) that MA(X, Z/m) ⊂ MAT (X, Z/m) are two exact subcategories of DM(X, Z/m) (see [13, Section A.8] ). They are also tensor subcategories, as f ! Z/m ⊗ g ! Z/m ≃ h ! Z/m in DM(X, Z/m) for any quasi-finite morphisms f : Y −→ X and g : Z −→ X with the Cartesian product h : Y × X Z −→ X (as one can see from the projection formula and the base change). The tensor products in these exact categories are exact functors.
According to [13, Section 3.1], it follows from Lemma 9.3(a) that there is a natural finite decreasing filtration on every object M of the exact category MAT (X, Z/m) with the successive quotient objects gr j M ∈ MA(X, Z/m)(j). All morphisms in MAT (X, Z/m) preserve these filtrations, and a short sequence with zero composition in MAT (X, Z/m) is exact if and only if its short sequence of successive quotients is exact in every component number j. The filtration on the tensor product of any two objects of MAT (X, Z/m) is the tensor product of their filtrations. Hence the exact category structure on MA(x, Z/m) is trivial, with all exact triples being split and all objects isomorphic to direct sums of the objects f ! Z/m. It follows that the functor Φ X takes any object of MA(X, Z/m) to anétale sheaf on X whose stalk at x is a permutational G Kx -module, and any exact triple in MA(X, Z/m) to an exact triple ofétale sheaves whose stalk at x is a split exact triple.
Applying the functor Φ X to the natural filtration of an object of MAT (X, Z/m), we obtain a finitely filtered object ofÉ t 
are isomorphisms for i = 0, 1 and monomorphisms for i = 2, for all pairs of quasifinite morphisms f : Y −→ X and g : Z −→ X.
Arguing as in the beginning of this proof and using the 5-lemma, we conclude that we can assume the morphism f to beétale and the morphism g to be finite with a normal source. Using the adjunctions and the base change, and the compatibility of these with the functors Θ −1 , we reduce the problem to showing that the morphisms
are isomorphisms for i = 0, 1 and monomorphisms for i = 2 for all normal varieties X of dimension d over K. (Indeed, a schemeétale over a normal scheme is normal [8, Corollaire I.9.10].) We can also assume X to be connected.
Recall that for any objects M, N ∈ MAT (X, Z/m), the natural map
is an isomorphism for i = 0, 1 and a monomorphism for i = 2 [13, Corollary A.17] .
Both sides of (16) Finally, when j 1, both maps X does. The same applies to the compatibility with theétale realization functors. All the assertions having been verified, the embedding theorem is proven.
Particular Cases and Applications
In this section we discuss conditions under which the morphisms (17) are isomorphisms, or an equivalence between the derived category of an exact category of Artin-Tate motivic sheaves and an appropriate triangulated subcategory of the triangulated category of motivic sheaves can be established.
We will identify the exact category F is an isomorphism. For the same reason, and using Lemma 3.2, the question can be reduced to checking that the map (19) Ext
is an isomorphism for a smooth variety X of dimension d over K. Both sides of (19) vanish when j < 0 or i < 0 (see Lemma 9.3). When i j, both sides map isomorphically to H í et (X, µ ⊗j m ) (see Theorem 6.2 and the condition (x) from Section 7) and the diagram is commutative, so (19) is an isomorphism.
The case 0 j < i is dealt with using the condition (xi). We argue by induction in i for a fixed j. First we show that the map (19) is injective. Let x be an element in Ext One would like to extend this result, e. g., to finite fields K. A step in this direction was made in the paper [14] , where the K(π, 1)-conjecture was proven for Tate motives (see [ 
Homological Motives
Here we discuss the properties of the relative homological motives
, which were defined in Section 3 for quasi-finite morphisms of smooth varieties Y −→ X.
For this purpose we will need to have a fourth operation f ! of the "six operations" formalism defined on our triangulated categories of motivic sheaves DM(X, Z/m). So we assume, in addition to the assumptions of Section 7, the following. 
Appendix. Complexes Computing Ext in Exact Categories
Let k be a commutative ring and E be a k-linear small exact category. To any two objects M and N ∈ E we would like to assign a homotopy projective complex of projective k-modules C • E (M, N) with the following properties.
(1) To any morphism f :
One has c(f ) = 0 whenever f = 0. (2) For any three objects L, M, N ∈ E there is a composition map C N) . These multiplications are associative, the elements c(id M ) are unit objects for them, and the composition c(f )c(g) is equal to c(f g) whenever f and g are composable.
In particular, it follows from (1-2) that C In the general case, there is a problem that the Drinfeld localization is only defined for DG-categories whose complexes of morphisms are homotopy flat complexes of k-modules. In order to deal with it, we will use the following lemma.
Lemma A.2. There exists a functor P from the category of complexes of k-modules to the category of homotopy projective complexes of projective k-modules with the following properties. The functor P is endowed with natural transformations A • there is a natural morphism of complexes of k-modules P (A
• ) compatible with the associativity and (graded) commutativity constraints in the tensor category of complexes. There is a morphism of complexes of k-modules k −→ P (k) that is a pseudounit for the pseudotensor functor P . So, in particular, P transforms DG-algebras over k to DG-algebras and k-linear DG-categories to DG-categories. The maps of section A
• −→ P (A • ) and projection P (A • ) −→ A • are multiplicative (for homogeneous elements) with respect to this pseudotensor structure. The image of the element 1 ∈ k under the pseudounit map k −→ P (k) coincides with the image of the same element under the section map k −→ P (k).
Notice that an alternative way to assign to a DG-category D
• a DG-category F (D • ) with homotopy k-projective complexes of morphisms and a quasi-isomorphism
• is to construct a functorial cofibrant resolution of D • in the model category of DG-categories over k [17] . This is not difficult to do, and in addition one can have a natural section D
• −→ F (D • ). However, this section will not be multiplicative. This problem is solved by the construction of the functor P , which produces from a DG-category D
• the DG-category P (D • ) whose complexes of morphisms are cofibrant as complexes of k-modules only.
Proof of Lemma. To convince ourselves that such a construction is at all possible, let us first discuss the simple case when the ring k contains a field f . Then one can set P (A • ) to be the (direct sum total complex of) the (reduced or nonreduced) bar-construction of A
• over k relative to f . The desired pseudotensor structure is given by the operation of shuffle product on the bar-complexes [12, Proposition 1.1 of Chapter 3]. The section map in this case is even additive and f -linear (but not k-linear).
In the general case, our functor P takes a k-module M to its resolution whose degree-zero term is the k-module freely generated by all the elements of M, modulo the only relation that the generator corresponding to the zero element is equal to zero. This construction is iterated to obtain the whole resolution. To a complex of k-modules A
• , the functor P assigns the total complex of the bicomplex formed by the above-described resolutions of the terms of the complex A
• . The total complex is constructed by taking infinite direct sums along the diagonals. The key step is to construct the pseudotensor structure on this functor P .
Formally, for any complex of k-modules A • we construct the terms of the bicomplex P Now, given a k-linear exact category E, we apply the pseudotensor functor P to (every complex of morphisms in) the k-linear DG-category of complexes over E. To the k-linear DG-category so obtained we apply, in turn, the Drinfeld localization construction with respect to the full DG-subcategory consisting of the acyclic complexes over E. The resulting DG-category D 
